INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of

computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper

alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and continuing

from left to right in equal sections with smali overlaps.

ProQuest Information and Learning
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
800-521-0600







NOTE TO USERS

This reproduction is the best copy available.






THE ATLAYTA UNIVERSITY
A PROBLEM RELATED TO AN OBLIGUE CORE

A DISSERTATION
SUBMITTID TO THE GRADUATE FACULTY .—
IN CAMDIDACY FOR
THE DIGRER OF MASTIER OF ARTS

DEPARTHMENT OF MATIZMATICS

BY

JAMIS HILTOX REYNOLDS

ATLATTA GEORGIA

JUNE 1932



UMI Number: EP17444

®

UMI

UMI Microform EP17444
Copyright 2007 by ProQuest information and Learning Company.

All rinhte recenied Thii m"‘rﬂmiﬁ ﬁdiﬁap_ ;i E[glermﬂ aqainef
unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, M! 48106-1346



CORTENTS

CHAPTER PAGE
I Introduction 1
iz General Solution Of The
Zquation ' 3
The 0dd And Even Function 5]
To The Standsrd Forms 8
III Special Cases 13
Case i. 1L#A£0, a2=1% 13
Case iie 1 =0, a=b=r1r 13
Cagse iiie. 1 =0, a =1 + m,
b=r~-mn 13
Case ive 1 =0, a =1 + m,
b=m -1 14
Case Vo =T, 1 = Q,
a=27r, b=20 15
Illustrations
The General Case 16
Special Cases 16



CHAPTER I
INTRODUCTIOH

The Problem
Given an cbligue cone whose base is & circle of radius
r and vertex gt V. Reguired the lateral area of the cone,
Pirst, we shall set up the required area in terus of a
gingle variable 6, using a single integrel, A general formula
will be worked out and the following five special cases cone-
sideréd.
(a) Vvhen altitude falls at center of base, and altitude
is'not O.
(b} when zltitude falls at center of base, and altitude
is 0.
(e¢) When altitude falls inside of base, and altitude
is Q.
(d) wuen altitude falls outside of base, and altitude
is O.;
(e) vnen altitude falls on circumference of circle, and
altitude is 0.
The integral involved is elliptic and will be reduced to an in-
tegrable form by an elaborate process of transformationms. The
general formula thus obtained contains all three types of the
gtandard elliptic integrals. The values of these for specific
cases méy be obtained by reference to tables,

Auxiliary Construction and Notations. -~

1. Let a and b be elements of the cone from the extremi-
ties of the same diameter, AB, of the base, with

b less . than e, b drawn from A.

7
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2. VD (=1), the a2ltitude of the cone, is per-
pendicular to DQ, a line in the plane of the
base, parallel to O B,

3. AD = A'D, where A is on the base of the cone and
A is outside of the base,

4 P, ond 2, are two neighboring points on the base
of the cone so that the chord P, P, subtends an
angle A6 at the center of the cirele. The
1%131_” 2, %,V is an element.of the area of the cone,

5. 0 is the center of the ba’.é;e of the cone, DD = m.

6. Let chord P, P, extended intersect DQ at M. Draw
a line through O parallel to B, P, intersecting
DQ at R. R = r as P, approaches P,.

7. Trisngle AVA' is isosceles.

8. VM is altitude of P, P,Vs 1. €., Vi is perpen-
dicular to P, P, M,

9. 0P, mekes an angle © with 0A5 henee, © is a varia-
ble since P, is any point on the base,

10. 8 = 1&'&:31‘8.1 area.

Fundamental Fouationg, ~ Observing figure 1, by con-

struction angle VDE = rt, angleo MR O is a rt, angle in limit,
Vii? = MD% + 1% = (DR - 7)% + 1% = (mcos @ - »)2% + 1%,

¥rom Plane Geometry

area triengle P, P,V =Pg_42 rao{mcos & - r)° + 17 .

Therefore, S/2 = l%g1?°21/2 v/ (mcos@ - r)° + 1° ,
®=p ’
5/2 = 1/2§ n/{meose - r)° ¥ 17 de
and S

rf:J(mcose - T)% + 1° ae . ()

i
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CHAPTER II
GENERAL SOLUTION OF THE ROUATION

Reduction to Integral of an 0dé andé Iven Funetion
g :

Trigonometric Transformation. - Our first step in

reducing () is to put cose = x. .
X ’
Then dx = - =in 6 d8, and 8 = - N 1 - %%

When8=7f, }’s:"lsezo’ X=r+lo

Substitution in the integrand gives

S = rjl fox - 7)2 + 12 ax . @)
21 - %%
or
1‘(x2 - 2rx+r®+12) ax
5=zl n m* n R
L TR S TR T TR
i m°

viich may be written

s=1rf (x*-2ex+n dx ) 8)

- A A F T ogxtradxt - 2gx * b

woere g =0, h =~ 1l g=v, h = & + 1% ,
. N . m -_*—m_‘;‘..—

Linear Fractional Transformation. - Here we shall

meke a linear fractional transformation,

~-3-
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X =3p + gy, where p and g are parzmeters to be so chosen that
1+y

there will be no slrsﬁ degree tern in y after the transforma-

tion, snd p snd g must be real,

Since x =p + gy (a)
1 +y
¢x = g = dy (differentiating)
(e T
Alsc by (a), :
y=p»p-1 when X=1, and y =_-p + 1
1 -~-aq g + 1
when X =-1. (b)

Substituting (&) and (b) in (B)

p=-1 [ (» Qv!"-EQ( + qy) +h] iQ-D
Y J

Tmq [(1° [_-»;gﬂ (1%

1ty
s=mrf T-[({n Ak $n'] JE§ + ay)® - 2a (p + gy) +h],
- zpEL Lg Ty PR §??7§%Q 1+ ) ]
g+l
(c)
Deriorqln% indicated operation in (c¢), we have
= mrrr““ (A + By + ¢y?) dy-(4-p) .
1 _pFl T+ NA'+ B'y + C'y® JA + By + Cy? (a)
R
Yhere A=7p% ~2zp+h » A" =p® + Ly,
Bzzgq-gg \q+p) 1-21’1_3 =2(DCI+ ), . (e)
= g° - 2gq + h, >0 = g + n!

Parametric Representation of p + q. - The known

parameters in this problem are a, b, my, rs 1. In this section

P and q will be determined in terms of a and b. In ensuing
sections, certain other constant terms will also be represented i?
terms of a and b for convenience in calculations. Setting B

and B' = o in (e), and solving for p and g, we have

2pg = g (g +p) +2h=o0
2pg + 2h' = o ,
g +p=h ~-h
g
pg = - h'.
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By section on trigonometric trensformation,

L)

q+p=h-h=mn+2r2+1"
g T

Alsg,

g=31, p=1.
D a

Substituting in (1),

p+1=m"+ %+ 1%,
D T

Ve form an equation guadratic in p

Tmp® -(@w° + 2 +1%) p+tm=0

the solution of vwhich gives (2)

p= (m®+ r® +1%) + J(n® + £° + 1°)°-42°m"
BRIl °

The expression under the radical i1s recognized as the product
of the sum and difference of the two numbers (m® + r? + 1%)

and 2rm. Observing figure one, we note

a?=r?+m®+ 18 +2m,
p? = % + m® + 1% - 2 rm,
adding, a® + p% = 2% + m® + 13,
2
suptracting, a® - p® = 2rm.

Operating on (2),

P = 2
a® - b~ ?
2

P = a=->b, a+t b

a + b a - b
q = 1l=a+b, a -~ b .

D a -Db a+b

We chooge P =8 - b . qgq=a+b.,
a+ b a -Db
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The limits in terms of a and b ared

p=-1=2-D0.Fp)
1 -q a+b
-ptil=-~38-b(=-n01).
q+ 1 a+b
Also, g - p in terms of a and b becomes 4 ab .

P -

5

Making use of these values, we get the transformed equation,

The Transformed Equation., -

(A + Cy®) 4 ab a3
5 =" = - b° .
TE (1 +yR) Je (a4 c'yE) (A + cy®)

In (v), allow A to absorb the - sign and divide the
first binomial of the radical in'the Genominator by - Ay also
divide the second binomial of the radical and the one of the
numerator by A, Then |

o 4.ab AL+ ¢y®) ay
5

mr S; 8- - b° A o (Q)

P i) S (L-Cy%) (T
A

mn
I

In(a) put

"= C = g% = 2¢q +
A o p® - 2gq +

B’

o*=8'=ga2 + h .
A 1" = p?

By section on parametric representation of p and q,

2 m = a% - b*,

2
4m
Likewise, since m2 + r® + 1% = g2 + b2,
2
h=2a%+4+Db%-2m% =2+ Db° -1,

2m~ _ 2m<



- Trite (a)

o Asb A {1+ @%%) ay
S=mr { 2°- b2 J-RE (c)
~p

(1 + ¥)® J(1 + P3y®) (1 ~q3y®)

Let us define our constant terms by the parametersa, b,

rs m. Substituting in (b):

a + b}? - 2 (2% -b®) €a+hl + a® 4b2 - 2m®
- '%a' 52 M Im  (a-b). Py . (e)
O = (2= B)7 -2 (2= b7)lesb) ¥ af 1b° - on?

(2 +©)°® = im {a+D) 2me

Multiplying both numerator and denominator of (¢) by

{2 + D)2 (2 - b)® we get an expreseion which reduces to

Let r? = Fag - ba%” and multiply numerator

of (d) by (& - b)}? znd denominator by (a + b)* .

p? = ga + b;f E 4m® -~ (g = B)* 1.,

a-~-b (a7 D)° = 2 a2 ] 7
similexly,
A + b)i’ -1 ' o
"= (a - b)*® o= {a+DB)% 9
1 - {a - b)> (a7 ="D)"
{a + o)"
ané

A=E(a-’oz—2§-€a~b + a% + % - 2m® ] which
( a + b

recuces to

A= 4 adb ‘ [{4r® - (& - D)%) .
{a + 0)° {a - D) '
Then
= BA o= /[ 1 - (a_. bgz% E 4 ab {41.3 _(a_b)?.]
(2 ¥ b)2] [Ta ¥ 1)° (a2 = o)

4 _ab i L {a =)
{a ¥ D)° (a = )

il
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Therefore, our constant term of (g) ,

4 ab mr A , becomes, defining it as I,

2' -
. 4 2ab . 4 2b [4'1‘“(& Th ] . @ . (2% - b?)

= a® - b la + b)d la -~ D)= 4m "
4 ab Jar? = {a - b)2 .
{a + D)% (& =~ D) . )
Hence, T = ab it e (a-D)% .
a - b

Let ¥ ¥ = J{1 +p7112) (1 - 035%)

Using the above values in (c)s

= §F iy . d
Sigg\/_,_z.-_. (d)

The Rational Funehion « - Rationalizing (&) of the

i

last section by multiplying both numerator and denominator by

(1 - ¥)? we nave

wr P 2
i § 1+ #3532 day .
) El +y)c Y
=¥ P+ (3 +P3) 43
"p (1 .4)-':’:

From 0dd end Iven Fens To Standard Form

The 0dd Fch. - Cousider tHe second member of (§)3

B Sp (2v + 2 P”ws}ng

P (1 ‘)“
Obviously this is an odd fon., and since its limits are from
- P to + p, its value is O, We now need only consider the

Tirst member in determining S.

The Even Fen, - Partial Fractiong. - Integrating

=i SP [+ (1 +p2) ¥° f *1 4y by partial fractions
P (1 - y°)°



s=z£jp,%dy+z~£5pA ay. +u [P B ay. (€)
- ¥y p {1 - 3°)° J}%’“ - Tp T -F7) -7%
where A = 2 (1 + p?) B = - (1 + 3p%),

We shall treat each integral separately, calling them
for convenience the P? integral, theA - integrsl and the B -
integral, ITach of these integrals reduces to s‘cemdard. form by
putting y° = 1 - w‘z}f . Tnis transformation was taken from a

o-t-
table of transformetions prepared in the course in Zlliptic

Iintegrals. The combination of signs in J ¥ determines the
trensformation to be used: Operating on y° =1 < t® we lave
u"7—

y=fI=F . w=-tas t = STTFH .
oot N

The limites become, using the wvalue of t, &t = 1, t = O,

o o
Y= O JT ety )1 = 0%y = J(I_HPE-PEET {1-1+t7) =
a® ,

b o JTTAPT - TIPE

J1 = P £2 .

TFITVE
Let 1/ +0% =1, let - P2 =2
’ ErE-K
¥
also, ¥ = a = b Jarc - (a - D)o
ir va

8lso, K® = {2 - b)2 [(a + 0)® -~ 4r3],
- 15r“ ab

The P2 - Integral: - Operating oa X §© @2 4 we
2. Soen ES

2 b 2 | . e ° 2
have 21 § o) =<2 § p3 t dt
. : o P J-%-w S:‘L ,E .J'U, L p«;’ le-"P&"Cd o Nf(l-'td)
: a o=+

(a)

—
o'
i
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which integral we recognise as ¥ (X:t), a standard Legendre
form multiplied by the constant term 2 MW P?, ¥ is known as the

modulus and must be less than one. Obviously ¥ = p2 .1,

m’z
The A - Integral . -~ Consider now }
x P oa ay = +2u® 3 &y . (a)
p (3 - y%)° VY 2 [E D SN
Putting y2 =1 =1t in (1 - y®)® we get
u‘i-
(L - y3)% = (1 -2~ t3§2 = (02 - 3)®[1+1 _ t%]3
( T T - 1
Let n =¢%-1 . (also n= (a - b)_'?% .
——
[y 4 ab )
Substituting these vslues in (a), we have (b)
2 2 4 dy = zwa §5_ at = 4r(P241) (fz,.
v o —ENE - T =Y E R 2
(1"_‘]) JY (_z_«}- l’bt)wj_ = 1
Consider f: it . Baefines §} at » also
T 4 nte)cTE (T % nt= 0T
z4 =" at = win, ¥, t,), a standard form,

°o (T F nt2 oI

Z, is reducible to %3 by the formula,

, . t o & ,
Z,= %{_ﬁghmﬂ ) }' - T, bl = Ty Py -Iszv-sg (c)
1 + nt”
{

[

To ) K
where ro = {28y« 2 (n+ L){n + kz)_,
. —2
r, =-(2¢<3)[n(n+2) +(2n+3)x?],
n®
r, =(2v=-4)In+ (n+3) k],

ne

Ty =f'.(2"(-'5 2
s

L)

which may be used as many times as necessarys 2 is the power to
which our (1 + nt®) binomial is raised, hence, Y= 2, Let us

evaluate Yoy Ty » T, ', rs; ¢« Using the value (a = ’bzz for n they
4ab



P
ares To = 18 + b
5 o ‘q) >
{4’2 ki Ll e b}u‘

ry, =~0{{a+p)%le+b}®+2ab-3z 2]
{ 2 {a » i~ K
I"'z = ‘m:’
rs =ablla + Dbj® - 42%] 3
™ (g = bj¥
g 3 a3 1 ] ;3
vhence, T2 ==1{{a+BH}® + 2 abegxr],
Z'?D {3. = 33}0
Y2
and r: =2abf{a + b)® - 4]
o {a + b} ¥

Therefore, by {e}

o

£ I TLYgr ge= & Ini{eE '*3}0‘4 [ fer !E‘!-‘?"iz,_-'-rl‘s )
B i e it S 5

el 'y
win Kty - 2§, {1+ at®
g [

=433 (0* + 1led({- m wi{nlg t) - »iF (l,8) + n¥y ] a)
(e =1 ( =o ol i
i g 3 z {3 “ % Bt SN | o5 TV Y T o 44 I}
where Y, = §, (%%) ”cd:.-; It is eppareat M= 1 in {(dl.
, (. = (Y 2 6 +3 + in senornlesho
7 (kt) =§ dt-x® §  t° &% in generalywhence,
Y .'»'T {jT
N TP S e .
nf, tPdt =ni Flkut) - (E:: t1l.. Ve substitute the value
’ A= %
5 %
Just obtained in {d) and get as our complete 4 - Inbegrals
4777 (0% + 3)ot [z inglyt) -t s () - =ving t}}
(a2 T 3o &2 e o
The B - Intesrsl, <« It is easily seens
. oF e .
ny 3B &y =2 ;-Jf ;. 3PE1g* win, ik, t); since

MRk f’?’”&

the result is immediately obiained by meking the ¢t - transforme-

'_‘

tion and substituting the valuve of B.

ihe General Tormuls, - Ve obtain the general formla by

adding the P® = , A -,and B - Integrals together, having first
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stated each integral in terms of the products of the para-
meters a, b, m, r, and the standard Legendre Ellipiic
Integrals. Ve find |

s =2r 50 [alk1) ~Flk1)+ (a+ 1) winki)].®

4 z2b

+

<




CHAPTEE III
SPECIAL CASES
We come now to a consideration of our special ceses.
Case i . - 1 £0, a=Dh.
- Our cone has become a right circular cone as fig. 2
shows. The general formula recuces to wra, Which checks with
the corresponding formula from,elementary geometry., |

s =2 v/ ab Esi'di - K°6C at - §o at +
1 - ©° NTL = 5501 = &°t°7

{a + )2 §2 at :
4 ab (1 + nt?)J{L -~ t°) {1 = k°%°)

;:‘ L]
]

For this case; k¥° = 0, n = o, which values cause: the
1

form to reduce to S = 2 rd Si at = are sin i
N R Ilo'2rd = 7ra -
Case iie - 1 =0, a=5b=zx,
Geometrically. our cone has degeneralted to & circle,
The general formula checks with the geometry, for the sub-

gtitution of the values X = 0, n=0y a = b = v reduce it to

S=2r® f at_ . Solving, we have

- %2
8 = 2r%arc sin t[* = 7r®, See fig. 3.

Case iii. = 1 =0y a =1 +my b = f - m.,

If' we observe fig. 4, we note thst our cone has again
degenerated to a circle.A The vertex dces not coinéide with
the center as before, but the elements do not cross. Con-
sidering our general formula; we find as béfore the substitution
of k = 0 cause our two first integrals to venish., The general
formuls becomes. ; |

S =2rJ 2 - [ = 2§t at 1.
' ' crRe @ (1 + nt®) {1 -t°)4

- 13 <
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Put

I.

€.y

andé

Therefore, S = wr®, which result verifies the geometrical

oy}

il

03]

B

—
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orfr? = m® {1 +1un) §* at
(T ¥ nto) (1 = t2)

sind znd integrate.

2rd7% = @@ (1 + n) ff; a? .

1l + nsin~@

-2rdr? < w® {1 + n) ff‘ - ¢set 0 do »
(T + n) ¥ cote

- 2rdr¥ < m®, S 2 ) . Jrf o mf . are tanfcot @ 1,
(r° - m”) r t ]

interpretation,

the shaded area of fig. 5 twice, This is necessary in order

to properly regard

2

fase iv o -1 =0, a=1pv+m b=HH«r, ¥ = 1.

Interpretating this case geometrically, we must iake

the arc 3 b C to the vertex V which sre folded under the

visible elements preoceeding from arc BAC o0 V

Tormula for this case becomes:

""ﬁ"—"-“i‘,"’ 4 -
5 = 2rdm® - % [{* at - Sé at _+(1+m)  g* ap

Integrating the last integral by partisl fractions givess

> A
2rdm® < TF [1 - (2 at 4+ n §) Gt
[ 2

8

Comparing (D) and (a),

I

2

r~m

I El + 5; at

o | o (Tte ) (1-t° }

at o+ §ooar ]
I-t3 Tt -t ]

e — 4
% = 2p/m® « % + 2r% tan
% + 1*

is found geometrically as follows?

"

7 r® + 2 area ABCOG - 2 areas sector A b C 0.

i

r

]

ol

s e ﬁ.'J"E—"—”2~
+ 27 dn < 1% - 2177 gare tan MR -

a2 -z .
r

1

-1 ) -
Let us show that wr® - 2r2 tan g7 = % = 9p2 tan T

NP

Consulting the figure, it is apparent that the area of two

o~

those elements of the cone proceeding from

Our general

it is obvious 2 vm® - » = 2 odm*-r

]

(p)
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equal sectors, AN , represented by 2 r® arc tan JOF 77
: T
_ i ' ’
leaves two other equel sectors 0, 8. To show that +d=24=

~1
2 r2 tan r

Nl .
Qareza,5°=2(7r-29), 2 area 8 = 2 p? (lr_-ag,
area 6 (wr?) 21 (2

. . ' a2 -1
wiich is represented by 2 v° ten T .

Hence, the gen. formuls is applicable to this case.

Casevv. - m=r, 1 =0, a=2r. b= 0.

The subétitu’sion of these values in S would give an
indeterminate value for the ares of our cone. We evaluate
S, then, by using cage ii, Taken>r, 1 = o, and proceed to
the 1imit as m~>r. Ve know that as m-r, 2->2r and b->0.

Case ii gives O the value 2r Ju® - ¥° + 2r% tan™ p
~ &

Thus, as m—~»r, b—>0 and 8—2r% tan™* e =7 7% in the limit,

The circle of fig. 6 is the corvect interpretation geonetrically

of thie case, as the elements dc¢ not Cr0S56e



~46-




